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1. Matrices, graphs. Condition number. 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS  

Computer Science Engineering Msc  

Theoretical and Practical lesson 

1. Matrices, vectors in Maple. Visualizations. Graph representations. 

Give symbolically dimensional vector and  matrix using Maple! 
>  

>  
>  

 

 

Produce the multiplication between matrix and vector! (Dot product) 
>  

 

Let us take sub-matrices: a row vector, a column vector, a sub-matrix! 
>  

 

>  

 

 

>  
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Generating random spare matrix and visualization 
>  

 

>  

 

A graph G = (V,E) consists of a set V of nodes and a set of edges E ⊂ V ×V . Edges are denoted as pairs 

(v, v’) ∈ V ×V with two distinct elements. 

The sparsity pattern of a general matrix A can be represented by a graph G = (V, E) with nodes V and 

edges E, its so-called adjacency graph.  

Here, the set V of nodes is simply the set of unknowns { , i = 1 . . . n} (or the corresponding indices i), 

and two nodes    are connected by an edge 

( , ) ∈ E iff   0, i.e. if equation i involves the unknown  . 

Generating graph on the basis of adjacency matrix 
>  
>  

 

>  

>  
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1.1. Example. 
Giving the adjacency matrix of the following mesh and drawing the graph with styles "spring" and 

"planar" ! 

 
Solution 
>  

 

Since the size of the matrix is greater than 10x10, therefore only a space holder shows the sizes and 

type of the matrix. Double click on space holder you get a matrix browser and can see in picture format. 
>  
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>  
>  

 

 
>  

 
1.1. Exercise. 
Give the adjacency matrix of the following mesh! Plot the matrix in sparse format! Draw the graph 

again in spring and planar styles! 
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1.2. Exercise. Giving a directed graph G which adjacency matrix A is given below  

   

Draw the graph in spring style.  

 

2. Vector norms and matrix norms in Maple 

Consider 

 

systems of linear equations with  approximation solution and   exact solution. 

Measure the error with  difference vector, if we know  exact solution. The problem is 

to determine the value of , so we measure the accuracy by using the  
 

residual vector  norm or relative to  vector norm. When these are "near" zeros, then 

the computation algorithm stops.  

2.1. DEFINITION.  Vector norms  

Let X a linear space. The mapping  is called norm, iff fulfilled the following criterions 

     (i)   and if and only if  

     (ii) , for all  

     (iii)  (triangular inequality) 
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The vector norms in are imbedded into Maple LinearAlgebra package. 
>  
>  
>  

 

2.2. EXAMPLE.  , and  vector norms 

norm:  

>  

 

So the norm  is the sum of the absolute values of the coordinates. 

norm:  

>  

 

So the norm  is the maximum value of the absolute values of the coordinates. 

norm or Euclidean-norm:   

>  

>  

 

 

So the norm  is the square root of the sum of the coordinate’s squares. 

2.3. EXAMPLE. Give   points on the plane  in different norms! 

2.3.1.  is a square on its vertex with sides  .  

Let us give the implicit equation of the curve in 1-norm and draw this curve using the "implicitplot" 

from "plots" package! 
>  

>  
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2.3.2.  is a square with parallel sides of axis and side length a=2 

>  
>  

 

 
2.3.3.  is a circle with centre of the origin and radius r=1  

>  
>  

 

 
>  
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Using vector norms we can define the norm of a matrix . 

2.4. DEFINITION. Matrix norm 

Let  is a squared matrix with sizes . Then the formula 

 

gives the norm of matrix A , where the vector  norm is one of  giving above. 

 

  

The norm of a matrix has the properties (i)-(iii) as in definition 2.1. and furthermore   

        (iv)  

        (v)  where A and   matrices. 

The norm of matrix A can be interpreted ∥A∥ as the greatest factor, with expanding the matrix some 

unit vector   .  

2.5. Example. Consider matrix  , which is mapping the plane  onto plane . Let us 

calculate the norm of matrix A in different matrix norms and give the unit vector to expand with 

maximum value! 
>  

 

2.5.1. Let us calculate the 1-norm of matrix A! 
>  

 

Choose a unit vector (in 1-norm), such that matrix expand it by  times? Let us start from 

example 2.3.1 and get a point   on the lines of square and apply the mapping . 

>  
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Since a linear transformation maps a line segments into line segments therefore we get the transformed 

figure by transforming the corners of the square and join with segments.  
>  

>  

 

 

The point  is the farthest point of the parallelogram in 1-norm and    .   

2.5.2. Let us calculate the ∞-norm of matrix A! 
>  

 

Choose a unit vector (in -norm), such that matrix expand it by times? Let us start from 

example 2.3.2 and get a point   on the lines of square and apply the mapping  

>  

>  
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The point is the farthest point of the parallelogram in ∞-norm and      

2.5.3. Let us calculate the 2-norm of matrix A! 
>  

 

 

The matrix 2-norm is the well know ratio of the golden section . 

Choose a unit vector (in -norm), such that matrix expand it by   -times? Let us start 

from example 2.3.3 and get a point   on the curve of circle and apply the mapping  

The parameterization of the unit circle  where and apply the mapping A. 

>  
>  

 

 
Form the 2-norm of the point of ellipse and its square power. Determine the maximum value of this 

function  on interval ! 
>  

>  
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The maximum value of is attained  on interval . Determine the roots of the derivative 

function! 
>  

>  

 

 

 

 

 

We get  an angle and determine the 2-norm ! 

>  

 

 

 

We give the unit vector , for which the    vector norm attain its maximum value at  

. 

>  
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So  is a unit vector in 2-norm and the image of this vector under matrix A is a 

vector with 2-norm is the maximal Φ value. Give this vector with square root signs! 

>  

 

 

 

 

 

So is the unit vector in 2-norm, which image near 

matrix and its norm  .  

2.6. Example. Matrix norms with elements of the matrix 

2.6.1 Determine the 1-norm of a 2×2 size matrix  by symbolically! 
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>  

>  

 

 

So the 1-norm of  size matrix is the maximum value of the 1-norm 

of the   column vectors 

 

 

2.6.2. Determine the ∞-norm of a 2×2 size matrix by symbolically! 
>  

 

So the ∞-norm of a 2x2 matrix is maximum value of the 1-norm of the row vectors. 

Similarly an  sized matrix ∞-norm is the maximum value of the 

1-norm of the row vectors 

 

 

The matrix 2-norm is a little bit complicated! See it in exercise 2.8. 
>  

 

EXERCISES 

2.7. Let us show the norm of vectors , és  in example 2.2.  are fulfil the requirements of the 

norm in definition 2.1.! 

2.8. Show that the 2- vector norm induced a matrix norm which is given by the formula  

  , where  is denoted the greatest eigenvalue of the matrix and  denotes 

the transpose matrix of matrix  ! 

2.9. Prove, that the matrix 2-norm   in example 2.5.3. is equivalent with determining the 

maximum value of function  with respect to  . Use the 

following Maple commands. 
>  

>  

 

2.10. Show that any two vector norms are equivalent, i.e exist positive constants  such that 
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fulfils. 

 

3. Condition number of systems of linear equations and matrices.  

We will write linear equations as  

(3.1)                           

where A is a non-singular n × n matrix, b ∈  is given vector, and  

∈  
the exact solution have to be found. 

Throughout this point  will denote a potential solution and  the sequence of iterates. We 

will denote the i-th component of a vector  by  and the i-th component of  by . We will 

rarely need to refer to individual components of vectors. 

3.1. DEFINITION. Residual vector 
The vector 

 

is called the residual vector for linear equations  

 

  

Most iterative methods terminate when the residual  

 
is sufficiently small. One termination criterion is 

 

 

3.2. DEFINITION. Error vector 
The difference vector 

 

is called the error vector for linear equations between approximate solution  and exact 

solution  

 

  

Try to estimate relative changes  of  the residual with the relative changes of the error! 

Since 

 
we have  

= . 

On the other hand 

 
Hence 

 

The upper bound between the relative norms   is called the condition number of 
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system or matrix! 

3.3. DEFINITION. Condition number of matrix  

Let   is a squared invertible matrix. Then the number  

 

is called the condition number matrix . 

 

  

Calculation of the condition number is imbedded into Maple using different matrix norms. The default 

norm is the ∞ norm!  
>  

>  
>  

 

 

 

 

>  

 

 

 

 

3.4. Lemma 

The condition number of a matrix  is   always greater than or equal to 1. 

 

Proof 
Since  

 

where n is the n×n identity matrix. From the matrix norm property 2.4. (v) follows 
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3.5. Lemma 

The condition number of matrix  fulfils   inequality, where  

denotes the eigenvalue of matrix . 

 

Proof 

Since the matrix A is invertible, therefore  . Denote by  is the eigenvector belongs to 

eigenvalue  of matrix   

 

Taking the norm 

 

 

Since this inequality is fulfilled for all index   therefore 

. 

where the positive number   is called the spectral radius of matrix . 

Furthermore the eigenvalues of the inverse matrix    are  and the corresponding eigenvectors 

are the same   

 . 

From this equality  

 

 

Since this inequality fulfills for all index   therefore 

 

Take the multiplication of the two obtained inequalities 

 

 

Remark. Since the ratio  is independent of the matrix norm, therefore it is better characterize 

the condition of matrix . The matrix is called ill conditioned when this number is "great". This 

means that there is a "small" eigenvalue together with "large" eigenvalue. 
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3.6. EXAMPLE 
Let us illustrate lemmas 3.4. and 3.5 by using random symmetric matrices! 
>  

 

 

 

 

 

3.7. DEFINITION. A-norm 

Let the square matrix  is symmetric and positive definite (SPD). Then the number 

 

is called norm. 

 

  

3.8. Example 

The solution may change dramatically when the matrix is ill conditioned. i.e.  is a large number! 
>  

 

>  

 

 

>  

>  
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Change only the element of matrix A on the upper left corner from 5 to 4.9 ! 
>  

 

>  

 

 

>  

>  

 

 

 

 

The solution changes dramatically! 
 

4. Cayley-Hamilton theorem 

The Cayley-Hamilton theorem states that any square matrix A ∈  satisfies its own characteristic 

equation, where the characteristic polynomial  
 

  

satisfies 

 

A direct consequence of the Cayley-Hamilton theorem is that – provided A ∈ is non-singular – 

the inverse  can be expressed as follows (after by multiplying (4.1) by  ) 

 

where  by assumption. 

This representation of  in terms of a matrix polynomial of degree 1 (with coefficients 

depending on the spectrum of A ) may be viewed as a motivation for the class of Krylov subspace 

methods which we will introduce later on. 

Remark 4.1.  

For diagonalizable matrices A, the Cayley-Hamilton Theorem is easy to prove: where D 

is a diagonal matrix with diagonal entries . For any polynomial  , we compute 
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A calculation reveals  
 

 which implies the assertion of the Cayley-Hamilton Theorem because of  for all 

. 

4.1. EXAMPLE 
>  

>  

 

>  

 

>  

 

 

Since   therefore the inverse can be get by a polynomial of matrix   

 

 

 

>  

 

This   is not a normal matrix, but diagonalizable. 
>  

 

>  
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>  
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2. Discretization of differential equations 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS  

Computer Science Engineering Msc 

Theoretical and Practical lesson  

 

Partial Differential Equations (PDEs) constitute by far the biggest source of sparse matrix 

problems. The typical way to solve such equations is to discretize them, i.e., to approximate 

them by equations that involve a finite number of unknowns. The matrix problems that arise 

from this discretization are generally large and sparse, i.e., they have very few nonzero entries. 

There are several different ways to discretize a Partial Differential Equation. The simplest 

method uses finite difference approximations for the partial differential operators. The Finite 

Element Method replaces the original function by a function which has some degree of 

smoothness over the global domain, but which is piecewise polynomial on simple cells, such as 

small triangles or rectangles. This method is probably the most general and well understood 

discretization technique available.  

1. Finite Difference Methods 

This section gives an overview of finite difference discretization techniques. 

The simplest way to approximate the first derivative of a function u at the point x is via the 

formula 

1.1.Forward difference           

1.2. Backward difference           

1.3. Centred difference approximation       

 

 
Taylor-polynomial together with error term at point  and  

 
From this follows the forward approximation of the derivative with error term 

 

In similar way we obtain the third order Taylor-polynomial at point  and    
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From this follows the backward approximation of the derivative with error term 

 

Take the arithmetic mean of the forward and backward  differences 

 

We have got the centred difference approximation of derivative with error term 

Adding equations  and we get the centred difference approximation of the second 

derivative with error term 

 

The dependence of this derivative on the values of u at the points involved in the approximation 

is often represented by a “stencil” or “molecule,” 

 
Figure 1. The three-point stencil for the centred difference approximation to the second order 

derivative. 

 

2. Finite Differences for 1-D Problems: theory and numerical 

experiments 

Consider the one-dimensional equation 
 

with homogeneous boundaries 
 

The interval [0,1] can be discretized uniformly by taking the n + 2 points  
                                                         

where  step size.  

Because of the Dirichlet-boundary conditions are known, i.e. the values  and  

. At every other point, an approximation  is sought for the exact solution

. 

If the centred difference approximation (1.6) is used, then by the equation (2.1) expressed at the 

point , the unknowns  satisfy the relation in which  

        

Thus, we have a linear system obtained is of the form 

  

 

where the matrix  
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a special tridiagonal or band matrix. Non-zero elements are on the main diagonal and parallel 

over and above it.  The right hand side vector  

 

Construct matrix A using Maple LinearAlgebra package   

procedure! 
>  

>  

 

Draw the directed graph G such that their adjacency matrix is A! 
>  

>  
>  

 

 
2.1. EXAMPLE. Approximation of exact solution with given function  

Take the function   on the right hand side in differential equation and in 
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growing  
>  

>  

>  
>  

 

 

 
Give analytic solution of the problem using  Maple  procedure 

>  

>  

 

 

>  

 

 

>  

 
Divide the interval 4 equal subintervals with . Now we get 3 linear equations with 

3 unknown of variables 
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>  

 

 

 

>  

 

>  

 

Substitute value  at the right hand side!  

>  

>  

 

From the boundary values Therefore  remain only 

unknown values! 
>  

 

So we have  linear equations with  unknown variables. Generate matrix  and right hand 

side using  package  procedure and solve with  

procedure! 
>  

>  
 

 

Calculate the elapsed time to solve the linear equations! 
>  
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Ellapsed time : 0.016000 

Put the zero boundary values back into the solution vector on first and the last positions! 
>  

 

Plot the approximation of the solution 
>  

 
>  

 
 

2.2. EXERCISE 

Taking the number  up to  values! Watching the required time and the 
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accuracy of the approximation of the system of linear equations to solve! 

2.3. EXERCISE 

Change the right hand side of the differential equation to function   

with values ! Run the program from beginning and watch the approximation 

accuracy! 

2.4. EXERCISE 

Show that the eigenvalues of band matrix  obtained in exercise 

2.1. are 

 

positive. Therefore symmetric matrix . Furthermore the eigenvector 

which belongs to eigenvalue  is 

 

for all  . 

2.5. EXERCISE (homework) 
Solve the boundary problem 

  

 with function    
>  

>  

 

>  

 

 

3. Finite Differences for 2-D Problems: theory 

Similarly as in the previous case, consider this simple problem for function  with two 

variables  

  

Poisson-equation within unit square  and on its 

boundary  

   

Dirichlet-type boundary conditions. 

Both intervals can be discretized uniformly by taking  pieces of small squares. 

We get number points in the square and on boundary.  Looking for  

approximate solution in grid points 

  

Approximate second order partial derivatives  
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with centred differences. 

Summing the second order partial derivatives we get numerical approximation of  Laplace-

operator  

 

at the inside grid points . At the grid point and the its neighbours 

points are shown in picture below 

 
Figure 3.1. Using the points for calculation of Laplace-operator 

 

Substitute and into Poisson-equation  at interior points  for all 

  

   

where  

Now the stencil of coefficients  

 
Figure 3.2. Stencil of the Laplace-operator 

Using Dirichlet-type boundary conditions the values  at boundary are zeros 

 

Choose for visualization, i.e. divide the  and interval  5 equal pieces of the unit 
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square !  

Creating the linear equations with two embedded seq  procedure for indeces   and  ! Note 

that the order of the evaluation points from the bottom upwards and from left to right as 

follows:  
 

The internal order of the points shown below 1 to 16!  

 
Figure 3.3. Order of evaluation process and the name of variables 

>  

>  

>  

>  

 

 
 

 



30 

 

The variables on edge are zeros because of the Dirichlet boundary!  
>  

 

These values are substituted into the equations. So we have also  number of unknown 

variables!  
>   

The matrix   of unknown variables have to give in a vector, so we get   

linear equations with variables in vector . The list is sorted by the finite difference should be 

the same order of evaluation! 
>  

 

 

>  

 

The matrix  size is  and the density map 



31 

 

 
Figure 3.4. Density map of matrix  

Choose the  "Image" button!  

Let us view directed graph, which adjacency matrix is ! 
>  
>  
>  

 

 
>  

3.1. EXERCISE 

Show that if we change the equation or system of equations or list  unknown sequence (one 

only), the matrix shape (in the place of non-zero elements) is changed.  

3.2. EXERCISE 
Show that the matrix of the 2D Laplace operator can be built from the following blocks 

 , 

where each blocks represent a matrix with size n × n, I is the unit matrix and   
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tridiagonal matrix, which can be given by   

command. 

So the matrix  is block tridiagonal shape. 

3.3. EXERCISES 
Show that the eigenvalues and eigenvectors of band matrix 

   

which is given in exercise 3.2.  

 

and using the notation és   

 

3.4. EXERCISE 

The matrix of 2D Laplace operator have   number of eigenvalues of the 

following                    

 

and the adequate eigenvector   are 

 

So the matrix   is symmetric positive definite (SPD) matrix. 

4. Finite Differences for 2-D Problems: numerical experiments 

Find the function for Poisson-equation (3.1) in section 3 when the solution is given 

 
>  
>  

 

>  
>  
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Solution function can be visualizing also with contourplot! 
>  

 
Make sure that the Dirichlet-type boundary conditions are met, that is, the solution is zero at the 

border  

 . 

>  

 

The coordinates of the grid points put into the vectors  and  ! 

>  

 

 

 

 

We give only one stencil! 

>  

 

The boundary conditions are zeros! 
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>  

 

System of linear equations created by varying indices  and so the value of function   
>  

 

 

Evaluate the dummy variables on the edges! 
>   

The matrix-shaped array of the remaining unknown variables should be listed in a vector! Take 

it into lexicographical order (see fig.3.3)! 
>  

 

 

>  
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>  

 

 

Put the zero values to the approximate solution at the boundaries!  
>  

 

>  

 

The “contourplot” command drawing the approximate solution  
>  
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The combined figure of the exact solution and the approximate solution. 
>  

>  
 

  

  

4.1. EXERCISE 
4.1.(a) Increasing the number n = 5, 6,... and notice how, increases the computational time 

required for solving a system of linear equations! 

4.1.(b) Searching function   for the solution functions 

 and finds numerical approximation 

4.2. EXERCISE 

Show that the following procedure create 2D Poisson-matrix with size  
>  

>  

>  
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>  

>  

>  
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3. Direct solutions of linear system of equations using 

compact  factorization of a square matrix    
LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS  

Computer Science Engineering Msc  

Theoretical and Practical lesson 

 

Remarkable variants of  factorization (  means lower triangular and means upper 

triangular matrix) are the Crout - factorization and Doolittle - factorization, and are known 

also as compact forms of the Gauss - elimination method.  

These approaches require less intermediate results than the standard Gauss elimination method to 

generate the factorization of A. 

Computing   factorization is formally equivalent to solving the following nonlinear 

system of  equations 

 

the unknowns being the  coefficients of the triangular matrices  and . If we arbitrarily 

set  coefficients to 1, for example the diagonal entries of  or , we end up with the Doolittle 

and Crout methods, respectively, which provide an efficient way to solve system. 

1. Formulate  

Define matrix  as lower triangle matrix with diagonal elements using Maple symbolic 

capabilities! 
>  

Size of matrices is denoted by  
>  

>  

 

 

Define matrix  as upper triangle matrix! 
>  

 

Computing the  multiplication! 
>  
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From this follows the equalities 

 
for the upper triangular part of  

Furthermore the equalties  

 
for the lower triangular part of  

These equations can be solved in a sequential way with respect to the boxed variables  and 

.  

For the Doolittle compact method we thus obtain first the th row of  and then the th 

column of , as follows:  

for k = 1, . . . , n  

 
Implement the  factorization using Doolittle-method writing Maple procedure that perform 

so that the returning matrix  is an upper triangular matrix and  is a lower triangular matrix  

with diagonal and  
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>  

Try this procedure with positive definite  model matrix! 
>  

 

>  

 

>  
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Use the  procedure which is imbedded into the  package. 
>  

 

You can see the result is the same! 

 It is worth to note that the tridiagonal structure of the matrices and  remain the same. 

However the inverse matrix is filled entirely with non-zero elements. This situation is called 

fill-in phenomenon. 

>  

 

2. Solution of triangular systems 

Assume, that we have an for matrix  and we want to solve the system of 

linear equations 
 

 

First step is solving the system 
 

for vector variable  

Second step is solving the system 
 

for vector variable  

2.1. Solution of lower triangular systems: forward substitution 

>  
>  

 

>  
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>  

 

>  

 

 

>  

 

 

>  

 

 

In the case of a system , with  being a non-singular lower triangular matrix of order 

(n ≥ 2), the method takes the form 

 
Implementing the forward substitution algorithm writing Maple procedure! 
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Try the  procedure with matrix  
matrix! 
>  
>  
>  

 

 

 

>  

 

2.2. Solution of upper triangular systems: backward substitution 

Similar conclusions can be drawn for a linear system     , where U is a non-singular upper 

triangular matrix of order n (n ≥ 2). In this case the algorithm is called backward substitution 

and in the general case can be written as 
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>  

 

>  

 

>  

 

 

>  

 

 

>  

 

 

Implementing the backward substitution algorithm writing Maple procedure! 

Try the  procedure with matrix matrix! 

>  
>  
>  
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>  

 

3. The Cholesky Factorization of Symmetric and Positive Definite Matrices  

As already pointed out, the factorization  simplifies considerably when A is symmetric 

because in such a case , yielding the so-called  factorization. The computational 

cost halves, with respect to the LU factorization, to about ( /3) flops. We shall denote by flop 

the single elementary floating-point operation (sum, subtraction, multiplication or division) 
>  
>  

 

 

Show that matrix  is positive definite! Now we have to make complete squares! 
>  

 

>  

>  

 

>  

 

>  
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>  

 

>  

 

 

>  

 

>  

 

Similarly the eigenvalues are positive 
>  

 

>  

 

>  

 

Theorem. Let be a symmetric and positive definite matrix. Then, there exists a 

unique upper triangular matrix with positive diagonal entries such that  

  

This factorization is called Cholesky factorization and the entries  of  can be computed 

as follows:  

 and for  

 
The algorithm can be write in the following compact form 
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Implementing the Cholesky-factorization algorithm writing  Maple procedure! 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Try this  procedure with matrix 

matrix! 
>  

 

 

 



48 

 

4. RICHARDSON ITERATIVE METHOD FOR LINEAR EQUATIONS 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS  

Computer Science Engineering Msc  

Theoretical and Practical lesson 

 

1. Simple iteration and their convergence 

The most straightforward approach to an iterative solution of a linear system is to rewrite  

(1.1)                                 

as a linear fixed-point iteration. One way to do this is to write        as 
       

                                         

                                          

where  
                                        

DEFINITION 1.1.  
The iterative method  

(1.2)                            

for system (1.1)  is the so called (modified) Richardson iteration, when 

,  

with appropriate number ω. 

  

The Richardson iteration is a residual corrected iteration 

  

where the vector  is called as the residualvector. So the iterated vector is always 

corrected by the residual vector multiplied by the parameter ω.  

 

Lemma 1.2. 

If is an n × n matrix with  < 1 then matrix  is non-singular and 

 

 

 

  

Proof. We will show that I - M is non-singular and that (1.3) holds by showing that the series 

 

The partial sums 

 

form a Cauchy-sequence in  . To see this note that for all m > k 

 

Now,  because  is a matrix norm that is induced by a vector norm. Hence 



49 

 

 

as m, k →∞. Hence the sequence  converges, say to S. Since  

, 

we must have  and hence . This proves that   is non-singular 

and that . 

Noting that  

 

proves (1.3) and completes the proof.      Q.e.d. 

The following corollary is a direct consequence of Lemma 1.2. 

Corollary 1.3.  

If  < 1 then the iteration (1.2) converges to 

 

 for all initial vector . 

 

  

A consequence of Corollary1.3. is that Richardson iteration 

(1.4)  

will converge if <1. 

 

DEFINITION 1.4.. 

 Let be the eigenvalues of . Then 

 

is the spectral radius of A. 

  

We don’t prove the following lemma. 

Lemma 1.5. 

Let is an n × n matrix. Then  

 if and only if ρ(A) < 1. 

  

For the fundamental convergence theorem holds: 

THEOREM 1.6. 

For   assume that and hence that the solution  

of    is unique. Then the iteration sequence (1.4) converge to  for 

any starting point  if and only if  

  

Proof.  

By subtraction of   from (1.2) we obtain the error equation 

 

Hence we find that  if and only if  and the result follows from 
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lemma 1.5.   Q.e.d. 

This theorem reduces the convergence analysis of the iteration (1.4) to the algebraic problem of 

showing that . 

 

2. Convergence of Richardson's iteration  

If , j = 1,..., n, are the eigenvalues of A ∈ , then, for constant ω > 0, the eigenvalues of 

the iteration matrix  of Richardson's 

method are ,..., . Hence, we obtain 

 

Evidently, we are interested in the optimal value of ω for which  is minimal. For this reason 

we suppose that A is symmetrizable and hence that all eigenvalues  are real. Then with the 

algebraically smallest and largest values 

 ,  

we evidently have 
 

In particular, for the case of positive eigenvalues we obtain the convergence result: 

 Lemma 2.1. 

Let all eigenvalues of A ∈   are real and positive ( >0) . Then Richardson's 

method converges if and only if 

 

where  is the algebraically largest eigenvalue of A. If the iteration is converging, 

then  is minimal for 

,  

 

  

Proof. If (2.2) holds then 
 

whence (2.1) proves  < 1 and therefore the convergence. 

Conversely, if there is convergence, then (2.1) implies that 
 

and thus > 0 and  > 0. Similarly, 

 

and thus <2 and, hence altogether, that (2.2) holds. 

For the proof of the last part note that and define two straight lines 

in the (ω, t)-plane. Clearly, their point of intersection 
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is specifed by the values in (2.3) and (2.1) implies that indeed  is minimal for . 

 

In particular, for symmetric, positive-definite matrices the maximal eigenvalue  is equal to the 

norm . Thus we obtain the corollary: 

 

Corollary 2.2. 

Let   be symmetric, positive-definite. Then Richardson's method  converges if 

and only if 

 

  

3. Richardson's iteration program for 2D Laplace-operator 

Generally, standard discretization of elliptic linear partial differential operators results in 

symmetric, positive definite matrices. This is, for example, the case with the matrix M obtained by 

discretizing the 2D Laplace operator in "02_PDE_discretization.mw" Maple file. Thus Corollary 

2.2. applies for all such problems. 
>  
>  

>  
>  

>  

>  

>  

 
Choose the solution vector with all components equal to 1. 
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>  

Calculate the right hand side vector from the solution  vector! 
>  
>  

 

>  
>  
>  

 

 

>  

 

>  

 

>  

>  

 

 

>  

 
Example when the iteration is converging 

>  

>  
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>  

 

 
 

 

 
 

Example when the iteration is diverging 

>  

>  
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>  
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 5. Jacobi, Gauss-Seidel and relaxation methods 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS 

Computer Science Engineering Msc  

Theoretical and Practical lesson 

1. Jacobi iteration  

This worksheet begins by reviewing the basic iterative methods (BIM) for solving linear systems. 

Given an n×n real matrix  and a real n-vector , the problem considered is: 

Find  belonging to  such that 

(1.1)                

Equation (1.1) is a linear system,  is the coefficient matrix,  is the right-hand side vector, and 

 is the vector of unknowns. Most of the methods covered in this chapter involve passing from one 

iterate to the next by modifying one or a few components of an approximate vector solution at a 

time. This is natural since there are simple criteria when modifying a component in order to 

improve iteration. One example is to annihilate some component(s) of the residual vector       . 

The convergence of these methods is rarely guaranteed for all matrices, but a large body of theory 

exists for the case where the coefficient matrix arises from the finite difference discretization of 

Elliptic Partial Differential Equations. 

We begin with the decomposition 
 

in which  is the diagonal of  ,  its strict lower part, and  its strict upper part, as illustrated 

in Figure 1. It is always assumed that the diagonal entries of   

are all nonzero. 

 
Figure 1. Initial partitioning of matrix  

 

Definition: Accuracy of approximation 

Approximation   is more appropriate as approximation   if 

 

Basic relation of simple iteration process which is corrected by the residual   

at step  

 

where is the initial guess. 

The appropriate choice of matrix M is the key point of the iteration 
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where  and so  Matrix  also called as preconditioner. 

Convergence. 

Assuming that   as n tends to infinity. Then  

 ⇔   

and the limiting value  is the solution of eq. (1.1) . 

1.1. DEFINITION. We get the Jacobi iteration when 

 and   

where 

 diagonal of matrix A (later only  

 strict lower part of matrix A (later only  

 strict upper part of matrix A (later only  

  

Conducting the basic iteration formulas we split matrix  

 

 

 

 

 

if all diagonal elements of A are non-zero then  and  

 

1.2. Definition. Consistency 

An iterative method of the form (1.3) is said to be consistent with (1.1)  iff   and  are such 

that  . Equivalently, 

. 
 

  

  

 

 >  

Theorem 

Let (1.3) be a consistent method. Then, the sequence of vectors  converges to the solution of 

(1.1) for any choice of  iff the spectral radius is less then 1, i.e. 

ρ(B) < 1. 

 

1.1. EXAMPLE. Solution of linear equations with using Jacobi-iteration in case of 1D 

Laplace-operator. 
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>  

 

 

>  

>  

>  

>  

 

 

 
Jacobi iteration  
>  
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>  

 

>  

 

Getting similar formula when we use procedure "IterativeFormula"  from 

package. 
>  

the lower triangular matrix L: 

 

the upper triangular matrix U: 

 

the diagonal matrix D: 
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the matrix T and the vector c in the iterative formula x^(k+1)=Tx^(k)+c,  

T=D^(-1)(L+U), c=D^(-1)b: 

 

 

The spectral radius the iteration converges for all initial point. 
>  

 

Take 50 iteration steps  
>  

 

>  
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1.2. EXAMPLE. Solution using symbols 

  
>  

>  
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>  

 

>  

 

>  

 

>  
>  

 

 

>  
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Algorithm of Jacobi iteration 

 

 

1.3. EXAMPLE. Procedure for counting one step of Jacobi-iteration 

  

Following procedure count only one step of Jacobi iteration, i.e. using initial value  count the 

next approximation 

 
>  

1.4. EXAMPLE. Testing of Jacobi-iteration for convergence 

 

>  

 



63 

 

 

>  

 

>  
>  

>  

>  
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EXAMPLE 
1.1. Increase the value n and examine the convergence speed! 

 

1.2. Solve system of linear equations by the 2D Laplacian matrix equations using Jacobi iteration! 

 

  

2. Gauss-Seidel iteration 

Solve system of linear equations 
 

by splitting matrix  

 

 

Derive the Gauss-Seidel iteration process in vector-matrix form  

 
 

 

 

 

 

 

2.1. DEFINITION. Gauss-Seidel iteration  

 and   

where 

 diagonal of matrix A (further  

 strict lower part of matrix A (further  

 strict upper part of matrix A (further  
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Comparing the matrices of Jacobi and  Gauss-Seidel iterations  

 

Jacobi-method Gauss-Seidel method 

 

és   és   

 

  

 

2.2. EXAMPLE. Solution of linear equations with using Gauss-Seidel-iteration with 1D Laplace- matrix 

 
 >  

>  

 

 

>  

 

>  

 

>  

 

>  
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>  

 

>  

 

Similar deduction using procedure "IterativeFormula"  from 

package. 
>  

the lower triangular matrix L: 

 

the upper triangular matrix U: 
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the diagonal matrix D: 

 

the matrix T and the vector c in the iterative formula x^(k+1)=Tx^(k)+c,  

T=(D-L)^(-1)U, c=(D-L)^(-1)b: 

 

 

Spectral radius of matrix  is smaller than 1, therefore the iteration is converging for all initial 

value. The spectral radius of Gauss-Seidel iteration is smaller than the spectral radius belongs to 

Jacobi-iteration, therefore the GS-iteration is faster now. 
>  

 

>  

>  
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2.3. EXAMPLE. The iteration using symbols 

  
>  

>  

 

 

>  

 

>  

 

 

>  
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>  

>  

Calculating the first coordinate 
>  

 

Calculating the second coordinates we use the previously getting better approximation for the first 

coordinate 
>  

 

>  

 

 

This calculation proves formula for index 2! 

 

 
>  

 

>  

 

 

>  
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So we get relation 

 

 

Finally consider the fourth coordinate 
>   

>  

 

 

>  

 

 

>  
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So 

 

 

2.4. EXAMPLE. Gauss-Seidel iteration in component form 

  

The result of the conduct of the Gauss-Seidel iterative algorithm program 

 

 

2.5. EXAMPLE. One step of Gauss-Seidel-iteration process 

  

Following procedure count only one step of Gauss-Seidel iteration, i.e. using initial value  

count the next approximation 

 
>  

2.6. EXAMPLE. Testing of Gauss-Seidel-iteration for convergence 

  

>  
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>  

 

>  
>  

>  
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EXAMPLE 
1. Increase the value n and examine the convergence speed! 

2. Solve system of linear equations by the 2D Laplacian matrix equations using Gauss-Seidel iteration! 

Compare the speed of convergence wit Jacobi-iteration 

  

3. Relaxation method (SOR) 

The relaxation method accelerates the iteration further when relaxation parameter ω is cleverly 

chosen. The Gauss-Seidel iteration is derived from the use of relaxation. 

Let us start with the Gauss-Seidel iteration of the split 

. 

Transforming the right hand side by adding and subtracting term   

. 

Multiply the equation from left with the inverse of diagonal matrix   

 

 

 

=  

This formula is equivalent to the Gauss-Seidel iteration and more evident that the steps (k + 1) -th is 

used in the previously calculated term  . So  

=  

is the difference between the iteration steps. The correction or convergence acceleration idea is 

using a multiplier factor ω    

. 

It is obtained from the equation backwards to the previous derivation of the Gauss-Seidel iteration 

relaxation.  

  

 

. 

Multiply the equation from left by matrix   

=  

The resulting formula of the successive over relaxation method (SOR), which is the original 

Gauss-Seidel-iteration when  .  Writing in form   we get 

where in splitting  is 

 and  

3.1. THEOREM. (Necessary condition of convergence for SOR ) 

It is necessary to fulfil the condition 
  

 for the method of SOR. 

3.2. THEOREM (Sufficient condition of convergence for SOR ) 

If the matrix  is symmetric and positive definit (SPD)  then the condition   is sufficient for 

the convergence for method SOR. 
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When the parameter  than it is called under-relaxation case and in case is 

the over-relaxation. 

The optimal value of the relaxation parameter   is the 

spectral radius of Jacobi-iteration matrix. 

3.3. EXAMPLE. Solution of linear equations with using relaxation method with 1D 

Laplace-operator matrix 
>  

>  

 

 

>  

 

The speed of convergence depends on the choice parameter   The optimal choice is 

 where  is the spectral radius of Jacobi-matrix. 

>  

 

>  

 

 

>  

 

>  
>  
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>  

 

>  

 

>  

 

Similar deduction using procedure "IterativeFormula"  from package. 

>  

the lower triangular matrix L: 
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the upper triangular matrix U: 

 

the diagonal matrix D: 

 

the matrix T and the vector c in the iterative formula x^(k+1)=Tx^(k)+c, 

T=(D-wL)^(-1)((1-w)D+wU), c=w(D-wL)^(-1)b, w=1.333: 

 

 

>  

 

 

  
>  

>  

3.4. EXAMPLE. Testing of relaxation-iteration for convergence 
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>   

3.5. EXAMPLE. Compare the speed of convergence for iterative methods Jacobi, Gauss-Seidel and 

relaxation 

  

The approximations of the three iteration processes are copied here taking 40 steps and starting 

with the same initial value. The 40 steps of the three iterations are copied here, with the same 

system of equations and starting value. 
>  

>  

>  
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>  

When we choose correctly the over-relaxation parameter ω then the SOR method gives on a quick 

way the solution. In general, the convergence speed of Gauss-Seidel -method is slower than SOR 

and the slowest method is the Jacobi -iteration. 

4. Summary 

 is the diagonal matrix of the diagonal entries of A, 

  is the lower triangular matrix entries of :  if i > j,  if i ≤ j, and 

 is the upper triangular matrix entries of :  if j > i,  if j ≤ i. 

As a consequence, . 

4.1. Jacobi-method  

 in coordinate format 

 

 in matrix format 
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4.2. Gauss-Seidel -method 

 in coordinate format 

 

 in matrix format 

and   

4.3. Successive over-relaxation method (or SOR) 

 in coordinate format 

 

 in vector format 

 

 

5. Exercises 

Consider the 3×3 linear systems of the form , where is always taken in such a way 

that the solution of the system will be the unit vector , and the matrices  are  

 
(a) It can be checked that the Jacobi method does fail to converge for (ρ(BJ) =1.33), while the 

Gauss-Seidel scheme is convergent. 

(b)  Conversely, in the case of , the Jacobi method is convergent, while the Gauss-Seidel 

method fails to converge (ρ(BGS) = 1.11).  

(c) In the remaining two cases, the Jacobi method is more slowly convergent than the Gauss-Seidel 

method for matrix (ρ(BJ) = 0.44 against ρ(BGS) = 0.018), and the converse is true for 

(ρ(BJ) = 0.64 while ρ(BGS) = 0.77). 



80 

 

6. Steepest descent method 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS  

Computer Science Engineering Msc  

Theoretical and Practical lesson 

Consider the system of linear equations  
 

with  symmetric positive definite matrix  . The aim of the gradient like methods is 

locating the solution vector ∈   of system (1) as the minimum value of the energy 

function 

 

where the searching space for vector  is the whole dimensional  vector space. The 

energy function  is quadratic, i.e. second degree in coordinates of vector . Here and after  

 denote the transposition of the vector  and the (real) scalar product is denoted by  

= between vectors and . 

1. Gradient vector of a quadratic form and the corresponding linear system of 

equations 

Compute the gradient vector  for the energy function by using the Maple symbolic 

derivative capabilities 

  

We will show that the residual vector of the linear system (1) is the negative gradient 

 
  

where the matrix   is symmetric. 

Give matrix A in symbolic form and also vectors and  
>  
>  
>  
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Define the quadratic energy function ! 

>  

>  

 

Calculate the gradient vector of function  with respect to the variables  

 

>  

 

Create the minus sign to the residual vector   of the linear system (1). 
>  

 

We can see that the two vectors 

     (1) the gradient vector of and 

     (2) the negative residual  of the linear system (1)   

are the same. 
>  
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2. Minimization of a quadratic function along a line   

2.1. Finding the minimum value of quadratic form is equivalent with finding the solution of 

linear system of equations 

Assume that the matrix   is symmetric and positive definite (SPD) with size  

and  is an  dimensional vector. 

The iterative sequence  is created by Gradient method and 

Conjugate gradient method such that the elements will be closer and closer to the exact solution 

of  the system of linear equations   
 

by finding the minimum value of the energy function 

 

along different lines  

 

where  is the iterated point,  is the direction at the step  

 

 

THEOREM. 2.2.  EXISTENCE AND UNIQUENESS OF THE GLOBAL MINIMUM 

VALUE  OF FUNCTION   

Since the Hesse-matrix of  the energy function  is 

   

positive definite matrix, therefore exist exactly one minimum value  of the function  

which is the unique solution of the system of  linear equations  . 

  

Elementary Proof.  
We give an elegant proof of theorem 2.2 without using differentiation. Denote the solution of 

system   by . Then we have  
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Since and this norm equals to zero only if therefore the relation  

  

is valid for all vector  and the equality holds if and only if  . This means that the 

minimum value of function  are attained only at the vector ! 

 

2.3. DEFINITION. GRADIENT VECTOR AND THE RESIDUAL VECTOR  

The gradient vector of function  is  

 

which is opposite to the residual  residual vector. 

 

  

2.4. DEFINITION. NEW NORM USING MATRIX   

With a symmetric and positive definite matrix can be introduce a new vector norm 

 

the so-called A-norm that fulfils each requirement of the norms e.g. for all    

 and equal to 0 when  . 

 

  

2.5. Linear search for minimum value 
The gradient and conjugate gradient method is also based on linear search method in which the 

search direction is specially chosen.  From this reason have to investigate the values   

where and the vectors  are given 

The set of points 

 

in n-dimensional  vector space is line go through point  and parallel with direction 

vector  .  

2.5.1. LEMMA. 

The quadratic function   attain their minimum value at location 

(2)                             

where  represent the residual vector for given vectors and ! 
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Proof 

Consider the second order function for variable  

 

where the coefficient of member   is if  Therefore the zero root of 

the derivative with respect to the variable   give the location of the minimum value 

 

 

Q.e.d. 

Exercise 2.6. 
Let us prove that the iteration step of the steepest descent method starting from arbitrary 

vector   and arbitrary direction   and take 

  

one step of the iteration then we get a point  such that the residual vector 

 is orthogonal to the previous direction   that is 

 

  

 

3. Steepest descent method 

It is well known from the multivariate calculus that  

(a) gradient vector of a multivariate function is pointing to the direction where the function 

growing fastest; 

(b) since we are searching for minimum value of function therefore we have to go in 

opposite direction to the gradient vector, which is the steepest descent direction.  

(c) From definition 2.3 follows that the opposite direction of the gradient vector is the direction of 

the residual vector. 

Therefore, the residual vector is the direction pointing to the steepest descent, because of it is 

opposite to the gradient!  

Choose direction vector  as residual vector at point  and take one step in this direction 

until function  attain their minimum value of  along the line 

  

Illustrating this step by using Maple program! 
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Give the symmetric matrix the right hand side vector  and the solution vector  
>  
>  

>  

>  

 

 

 

Define quadratic energy function by  and the residual vector

! 

>  

>  

 

 

Take one step into the direction of the residual 

 

where the step size is given by the parameter   for which  

will be minimal for ! 

Give the line as a Maple sequence because of we can get the value F easily restricted onto the line. 
>  

 

Restrict the value of  onto the line , where  is a positive parameter! 
>  
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We can find the minimum value of  function  where the derivative equals to 0. Take the 

derivative with respect to variable α. 

>   

Solve equation  for scalar variable  

>  
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This value of α determine the step size into the direction of residual! This ratio is the same as we 

calculated by using the residual vector! 

>  
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>  

 

We proved by using Maple symbolic tools when we take step size   in the direction of 

the residual then we get to minimum position along this direction.  

So we take one step into the steepest descent direction. 

The algorithm of the steepest descent 

Step 1.  For arbitrary initial value calculate the value of the initial residual  

and let  

Step 2.  Continue the following calculations  

      while     

 

 

 

 
     end of calculations and return to examine the conditions in step 2. 

Result is  

 

  

Here is the procedure which is based on the steepest descent method. 
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>  

Test the procedure for the following symmetric matrix obtained from 1D PDE discretization. 
>  
>  
>  

 

 

>  

 

 

>  

 

Check the positive definitiveness of A calculating the eigenvalues. Calculate the condition number, 

too. 
>  
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>  

 

 

>  

 

 

>  

 

 

EXERCISES. 

(a) Modify the procedure  to get the norm of errors in each step and draw these errors. 

(b) Modify the procedure  to get the approximate points of each step and draw the 

convergence of the sequence of points  if n = 2! 

(c) Modify the procedure to obtain the residuals of each step and verify that the residuals are 

orthogonal to each other! 

We will give you the solution of part (b) of this exercise! 
>  



91 

 

>  

Give matrix A and right vector b such that the solution vector is  . 

>  
>  
>  

 

 

The initial value can be selected arbitrarily. 
>  

 

Calculate the approximate solutions for each step. 
>  

 

Join the points of each consecutive approximation with straight lines on the plane! 
>  
>  
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The location and the value of the minimum of the function   at point  and 

 
>  

>  

 

 

>  

 
More detailed picture we can get if the contour lines of the function and the pieces of each 

approximate step are drawn in a common figure! 
>  

>  



93 

 

 
>  

The geometric interpretation of the steepest descent method can be understand based on this 

contour diagram. 

(i) The initial direction is perpendicular to the contour line at the starting point: thanks to choose 

residual direction which is opposite to the direction of gradient. 

(ii) We take so long step into the steepest decline direction (opposite to the gradient) until this 

straight line touches one from the contour lines. The touch point will be the next point of the 

iteration. 

(iii) From this new point we start in the opposite direction to the gradient. Since the previous 

direction touches the contour passing through the new point and the new direction is perpendicular 

to it, the directions of the two steps are perpendicular to each other.  

(iv) We continue the geometric construction from (ii) until the deviations of the successive steps are 

sufficiently close to each other. 

Criticism of the Steepest Descent Method 

(a) The opposite direction of the gradient often does not show to the location of the minimum point. 

The explanation of this is that the contour lines are elongated ellipses as shown in the figure and are 

not circular.  

(b) Each step is perpendicular to the previous step and parallel to the two before. Therefore, the 

approximation is a series of perpendicular zigzag lines that are ineffective. 

Let's experiment with changing the starting point! 
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7. Conjugate gradient method for systems with a symmetric positive 

definite matrix 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS 

Computer Science Engineering Msc  

Theoretical and Practical lesson 

1. Introduction 

1.1. DEFINITION. A− conjugacy of two directions 

We call the non-zero vectors  and  are conjugate to each other with respect to the matrix  

if and only if the relation  

 
is fulfilled 

  

1.2. DEFINITION. Set of conjugate directions  
We say that the set of directions 

 

is a conjugate set of directions with respect to the matrix  if and only if 

 

for all   and   integers for which 

  

  

Solution. 
Because of the linearity of scalar product 

 =  

The vectors  and are   conjugated, iff . This relation is fulfilled when

, where the denominator is not zero because of we assume that vectors and are 

not conjugated .          Q.e.d. 

Illustrate this calculation by the model band matrix A! 
>  
>  

 

1.3. EXERCISE. Calculate the conjugate direction 

Prove that for any vectors   (which are not A-conjugate) we can choose the vector 

 

 with parameter  then the vector will be conjugate to the vector  , i.e. 

 
 



95 

 

 

>  

 

Generate vector randomly. 
>  

 

Calculate value α and vector ! 
>  

 

>  

 

>  

 

Check the of vectors   and  ! 
>  

 

1.4.DEFINITION    A-inner product & A-norm 

When the matrix  is symmetric and positive definite then we can define the  -inner product by 

 

and the A-norm by  
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Exercise. Set of conjugate direction vectors are also linearly independent 

Show that the conjugate directions  are linearly independent.  

  

2. A brief summary of the conjugate gradient (CG) method and the Maple 

procedure 

Collect the mathematical requirements in steps. 

0. Criterion. Choose a starting vector  arbitrarily and create  

 and   

starting residual vector and direction vector. We can assume that  because then we found 

the solution of the system of linear equations . 

Let's suppose we've got the step th and compute the following sequences 

              approximating vectors; 

  residual vectors; 

 direction vectors 

such that  

 for all  

We can find an important relation between   and  i.e. the 

consecutive residuals 

(2.1)           (  

1. Criterion. Select the direction of the steps so that the residual will be perpendicular to 

the previous   residual. That is, their scalar product should be zero 

 

From which 

  

(2.2)        =  

 

2. Criterion.  Choose the direction of the next step  such that be a linear combination of 

the previous step  and the residual vector   

(2.3)                          . 

The residual   is similarly written as 

                                     

The denominator in the expression (2.2) can be written in the following form by substituting   

from the previous equality 

 

3. Criterion. Make the directions  and   such that will be conjugated to the matrix A, 

that is  
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Therefore 

 

and so the denominator in the formula (2.2) can be rewrite into the form 

(2.4)        =  

4. criterion. Determine the value  from the formula (2.3) such that the directions   and 

 become  conjugated   

=  

From which 

 

Using the recursion (2.1)  

 

Therefore  

 

since   orthogonal to   (see (*) equality). 

The equality (2.4) is transformed into relation and therefore 

(2.5)          

 

Summarizing the steps of the conjugate gradient method 
 

(i)                            initialization 

(ii)    while  loop       termination criterion 

(iii)                   counting the number of iterations 

(iv)                step size 

(v)             update iterate vector 

(vi)               update residual vector 

(vii)              updating the step 

(viii)                     update direction 

(ix)        check convergence and continue at step (ii) if necessary 

Result is  
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Procedure for the conjugate gradient method 
>  

>  

Try the procedure to the symmetric positive definite tridiagonal matrix obtained from the 

discretization of 1D elliptic differential equation. 
>  
>  

>  
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The initial vector is generated randomly. 
>  

 

Check the positive definiteness of matrix   by calculating the eigenvalues. 

>  

 

 

>  
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>  

 

 

>  

 

2.1. EXERCISE 
Modify the procedure CG to get back the following vectors 

(1)   Check that  sequence of residuals is pair wisely orthogonal to each other! 

(2)   Check that  sequence of steps directions is pair wisely orthogonal (A conjugate) 

to each other! 

(3) Visualize the steps in       dimensional case! 

  

 

Solution 
The modified procedure of the Conjugate Gradient method 
>  
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>  

Give matrix   and right vector b such that the solution vector will be  vector. 

>  
>  
>  

 

 

We can choose an initial value vector arbitrarily. 
>  

 

Calculate approximate solutions for each step! 
>  
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The perpendicularity is checked for the first two residual vectors because the third residual vector 

is zero.  
>  

 

The A- conjugacy should be checked for the first two directions, because of the third direction 

vector is the zero vector.  
>  

 

Connect the points of approximations with line segments on the plane!  
>  

>  

 

>  

 

>  

>  

>  

 
In the second step, the extreme value was precisely received thanks to the choice of conjugate 

directions.  
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2.2. EXERCISE 

(a) Calculate the sequence of iteration vectors  , ,  of the linear system of equation 

 

using the conjugate gradient method  starting from the  origin.  

(b) Show that matrix   is symmetric and positive definite 

(c) Demonstrate that the obtained residual vectors  are perpendicular to each 

other!  

(d) Demonstrate that the obtained direction vectors  are conjugate to each 

other!  

  

Tip. Fill the following table  
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8. Convergence and preconditioning of conjugated gradient method 

LARGE-SCALE LINEAR SYSTEMS OF EQUATIONS 

Computer Science Engineering Msc 

 Theoretical and Practical lesson 

 

1. Convergence of conjugate gradient iteration 

Consider system of linear equation 

 

with symmetric positive definite matrix  (SPD, i.e.  and  where 

)  and the size .  

1.1. The steps of conjugate gradient (CG) algorithm  

(i)                            initialize 

(ii)    loop for  while ∥  

(iii)                step size 

(iv)             approximate solution 

(v)                residual vector 

(vi)               improving the step 

(vii)                       new direction 

(viii)        continue the cycle with condition test at step (ii)  

Result in  

  

Denote the exact solution by  and the approximate solutions obtained in the conjugate 

gradient iteration by and the error by . The method CG is 

minimizing in each step the  -norm of errors  

In each step of the conjugate gradient method, the  -norms of the errors create a strictly 

monotonous decrease sequence, the last of which equals to zero.  

1.2. THEOREM. Krylov-subspace, the perpendicularity of the residuals and the 

A-conjugacy of the directions  

If during the CG iteration in one step is   i.e. the next iteration step can be 

executed, then the following subspaces will be the same Krylov-subspace 
   

Furthermore, residuals are perpendicular to the previously calculated residuals  

, when   
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and the directions are to the previously calculated directions 

, when   

where span( the  subspace spanned by the vectors  . 

  

1.3. THEOREM. A monotonicity of A-norm 

If during the CG iteration in one step is   i.e. the next iteration step can be 

executed, then the vector is the only vector in subspace , which is minimizing the error 

 norm. The convergence is monotone decreasing in norm 

 

and equality  fulfils  for some  , where   is the size of the matrix. 

  

  

 

1.5. EXAMPLE. Demonstration of the convergence order 

Choose symmetric matrix and vector in system  such that 

(i) elements of the diagonal of   will be              

(ii)  elements below and above diagonals will be  (  

(iii) right hand side is  

Solve system  by using conjugate gradient solver and  

(a) calculate the sequence  and   the  norms of the 

error vectors,  

(b) calculate the upper bounds  with , 

where   is the condition number of matrix in 2 norm! 

(c) Draw the sequences  and  in a common figure! 

(d) Choose the values for size n the following integers 10, 15, 20 and 25!  

(e) How does the condition number and convergence rate change by increasing  ?  

 

  

1.4. THEOREM. The order of the convergence 

Let us denote by        the condition number of symmetric positive definite matrix  in 

2-norm. Then we get an estimation on norm of the error vector in the  step  
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SOLUTION 
>  
>  

Generate matrix  and the right hand side vector  
>  
>  
>  

 

 

Calculate the condition number as the ratio between the greatest and the smallest eigenvalues. 
>  

 

 

>  

>  

 

 



107 

 

 

 

 

Give the sequence of approximations and the exact solution. 
>  

Calculating the error vectors and their  
>  

 

Calculating the upper bounds for the of errors. 

>  

 

>  

 
>  
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Tips. Generating random matrices using the following command 
>  

 

2. Preconditioning the conjugate gradient method and the convergence  

Consider system of linear equation with size 

 

and multiply the system with an inverse matrix  from left hand side  

(2.2)                                  

The solutions are the same for these two systems. 

However it is more convenient to solve (2.2) than (2.1) in numerical point of view when the 

relation between condition numbers  

 

is fulfilled. That is, this modification is resulted an improvement in condition number, so it is 

reasonable to perform such a transformation before applying the CG method. 

1.6. EXERCISE. Convergence studies depending on condition number and size  

Generate random spares and symmetric matrix with size based on the following 

algorithm.  

(i)  The value of diagonal elements should be 1. 

(ii)  The non-diagonal elements are formed uniformly distributed from the interval ! 

(iii) Replace with 0 all non-diagonal elements to which  

(iv) Let the right hand side vector  . 

Choose value   from interval       ! 

(a) Observe what happens  

 with the number of zero elements of the resulting matrix; 

 with the condition number of the matrix  

  when   is increasing. 

(b) Investigate the speed of convergence of the residuals in  norm when values are 

      = 0.2,0.15 and 0.01  

(c) Let's change value n between 120 and 200. Calculate the elapsed computer times! 
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A good preconditioning matrix is expected to accelerate the approximation solution of a large 

linear system of equations, with fewer steps to achieve the same accuracy.  

Matrix   must be symmetric and positive definite, and easily invertable.  

Two extreme cases for selecting the matrix    

(a)      

(b)      
are uninteresting because in case (a) it is difficult to determine the inverse of  , (b) in this case we 

don’t use preconditioning. Really, you have to select a matrix   whose invertation contributes to 

the inverse calculation of .  

Note that finding a good preconditioning matrix does not have a clearly defined method, this can be 

determined by knowing matrix .  

Let the preconditioning matrix is given in the form  

 

which is the so called Cholesky-factorization form, where the lower triangular matrix  is 

invertible then the transpose of   is an upper triangular matrix. 

So the form of system         

 

and multiply here by matrix  from left hand side 

 

 
Therefore get another   

 

linear system of equation, where the matrix is symmetric and positive definite, with 

new vectors  and  

The algorithm bellow is the application of conjugate gradient method to the modified system (2.3) 

 

2.2. Algorithmic Steps of the Preconditioned Conjugate Gradient (PCG) method 

(i)                initialize 

(ii)   loop for while ∥  

(iii)                 step size 

(iv)               improving the approximate solution  

(v)                 improving residual vector  

(vi)                                      preconditioning 

(vii)                    correction factor of gradient  

2.1. DEFINITION.  

Matrix   is called a preconditioning matrix if the condition number  of the 

transformed system is smaller than the condition number of the original linear 

system  
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(viii)                       select new direction 

(ix)        end of the cycle check condition in step (ii) 

The result is  

  

2.3. EXAMPLE 
Write the solver program (procedure) in Maple for preconditioning of conjugate gradient method. 

Let's try the solver for the following preconditioners  

(a) with matrix   with identity matrix, which is the original conjugate gradient method 

without preconditioning 

(b) with matrix :which is the Jacobi-type preconditioner 

(c) with matrix :  which is the symmetric Gauss-Seidel-type 

preconditioner 

(d) with matrix which is the symmetric 

successive relaxation-type preconditioner. 

Here L is the lower triangular matrix and the D is the diagonal matrix in splitting  

! 

Choose size of the matrix  

SOLUTION 
>  
>  

>  

>  
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>  

 

 

>  
>  

 

(a) with matrix   with identity matrix, which is the original conjugate gradient method 

without preconditioning 
>  

 

>  

 

>  

 

(b) with matrix :which is the Jacobi-type preconditioner 
>  

 

>  

 

>  
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The speed of convergence has not changed. 

(c) with matrix M= : which is the symmetric Gauss-Seidel-type 

preconditioner 

>  

 

>  

 

>  

 

With this preconditioner, we received the same accuracy results within fewer steps: 

when  

(d) with matrix which is the 

symmetric successive relaxation type preconditioner. 
>  

 

 

>  

 

>  
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Fewer steps had to be taken to achieve the same result: .  

 

Let's look at an example with large-scale and spare matrices! 

2.4. EXAMPLE. Preconditioning of system with large -size and spare symmetric positive 

definite matrix  

Consider matrix     for large-scale getting  

(i) the elements in the main diagonal are defined by ; 

(ii) there are 1 values below and upper of the main diagonal, i.e.  if   

(iii) there are 1 values below and upper of the main diagonal shifted the indices by 100 , i.e. 

 if   

(iv) the right hand side vector  

Investigate the 

 (a) CG iteration without preconditioning, when matrix M=E is the identity, 

      (b) CG iteration preconditioning with matrix M=  . 

Compare the elapsed times and number of iteration when choose the size and 

 

 Solution 
>   
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>  

>  
>  

>  

 

 

>  

 
>  

 

(a) CG iteration without preconditioning, when matrix     is the identity matrix 
>  

>  
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>   

 

(b) CG iteration preconditioning with matrix      

>  

 

>  

 
>  

 

 

>  
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>  
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